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Abstract. Recursive doubling (RD) is a well-known family of parallel
algorithms that have O(Log(N)) parallel time when applied to vectors of
length N. They are used to solve problems like Reduction, Scan (partial
sums), computing some recurrences, solving tridiagonal linear system
etc. Typically, in textbooks, these algorithms are explained and derived
each in their own way, ad-hoc, based on the author’s ingenuity. The
paper suggests a general way to derive each such RD algorithm from a
raw specification by an equation of the form Y = F(Y), in which no
idea of the RD principle is pre-contained. First, the base process P is
defined, in which the general RD method is applied to the computation
of the fixpoint of the specifier function F'. Then, the supercompilation is
applied to the base process P, eliminating all redundancies and producing
a particular efficient RD code.

All necessary definitions in the area of supercompilation are presented.
The supercompiled graph in all our examples has just a single loop that is
built by looping strategy based on neighborhood embedding. The super-
compilation process is carried out manually, all the steps being presented
in the paper. The application of the method to three well-known problem
examples is demonstrated.

Keywords: recursive doubling, parallel algorithms, SIMD, specifica-
tion, fixpoint, supercompilation, neighborhood analysis, neighborhood
embedding, program synthesis.

1 Introduction

Recursive doubling (RD) is a well-known family of parallel algorithms that have
O(Log(N)) parallel time when applied to vectors of length N. They are used
for problems like Reduction, Scan (partial sums), computing some recurrences,
solving tridiagonal linear system etc. This method is also known as cascade, or
pairwise, summation (usually for partial sums) or cyclic reduction (for linear
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recurrences and tridiagonal systems) [2,/11]. With our approach they all appear
to be the same, though in [2] they are presented as different methods.

Usually the RD method requires to reveal an associative binary operation,
using which the problem could be reformulated and reduced to calculation of a
convolution (or partial sums) of some vector with this operation. However, this
operation and the respective reformulation of the problem are often difficult to
guess.

We claim that these RD algorithms can be systematically derived from a
problem specifications given in the form of equations like Y = Fx(Y), where X
is an input and Y the result. First, a general but inefficient method of computing
the fixpoint solution is considered. It is the process P of symbolic evaluation of
(Fx)™, which leads to solution of the form Y = (Fx)™(Ll), where L means
”unknown”, and n is large enough for the right hand side to compute to a result
vector. To obtain (Fx)" for sufficiently large n we apply recursive doubling
scheme which requires Log(n) doubling steps.

However, computing this way immediately is rather expensive. To improve
the efficiency, it is a good idea to apply supercompilation to the process P which
would result in an efficient parallel SIMD-like program solving the original prob-
lem. We show the work of this idea for three classic examples of problems for
which algorithms operating on RD principles are known. We perform the super-
compilation process manually presenting all its steps in the paper. The technique
has not been implemented in the computer yet.

The supercompiled program graph in all our examples has just a single loop
that is built by looping strategy based on the so-called neighborhood embedding.
The uniqueness of this strategy is that it relies on the computing process as a
whole rather than just on the states the process produces.

Though all our result algorithms are textbook ones, the contribution of the
paper is a general method to derive them systematically from very simple and
evident problem specifications. In addition, the paper fills the gap in publications
on the usage of neighborhood analysis in supercompilation, as it was proposed
by V.Turchin [9}10].

The paper is organized as follows. In Section[2]a general idea of supercompila-
tion is briefly presented. The concepts of driving, computation tree, configuration
graph, generalization, looping, whistle, and neighborhood strategy are introduced,
which will be needed below. In Section [3] the common pattern of RD code deriva-
tion from a tasks specification is presented. In Section [4] this pattern is applied
to 3 distinct problem examples. Section [5| presents evaluation of the topic, iden-
tifying our contribution, and the last section concludes the paper.

2 Basics of the Supercompilation

For the purpose of this paper below we describe supercompilation briefly. For
more systematic presentation the reader may refer to [3L[5/6}/8-10].

The word supercompilation is made of two parts: super and compilation. The
name reflects the basic idea that a program is compiled by a supervision over
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the process of its generalized computation. Such computation is performed over
not a concrete data but rather over generalized data or states (both input and
intermediate) called configurations and represented with symbolic configuration
variables (c-variables) indicating unknown parts of state information. The dual
nature of a configuration is that, on the one hand, it is a syntactic objects
composed of c-variables, constants and constructors and, on the other hand, it
can be regarded as a set of concrete states. Therefore, the configurations can be
compared for set-theoretic inclusion, which usually corresponds to a syntactic
embedding by means of a substitution.

A generalized computation is called driving and involves the following three
types of actions:

1. If normal computational process assumes a choice based on current values
of some c-variables, the driving process splits into two branches with the
indication of the predicate, generating the splitting. Accordingly, for each
of the branches the set of possible values for these variables is narrowed. A
variable narrowed to a constant can be replaced with the constant. A variable
narrowed to a structure can be split into several variables corresponding to
structure fields.

2. If the process executes an operation forming a new data item from old ones,
then an updated configuration with a new c-variable is created, and the arc
leading to it from the old one is labeled with the substitution for this variable
of an expression specifying the method of calculating its value from existing
c-variables.

3. The process can perform a state reconstruction not linked with the emer-
gence of a new data (for example, moving a structure field). Then a new
node appears in the tree with a new configuration comprised of only old
c-variables. None labels are placed on the arc to it. Such configuration (the
source one) is called transit, and further it can be removed.

These three types of actions being applied iteratively to unfinished configu-
rations produce a tree of generalized states whose branches represent generalized
computation paths. These branches evolve independently of each other. Some
of them may be (potentially) infinite. Now we are to fold the infinite tree into
finite graph, representing the same set of paths.

To achieve this, each time a new configuration appears in the process of
driving a looping strategy is applied which compares the new configuraton with
all old ones (or their parts) seeking for their admissible generalizations into which
the new one could be embedded. In case of successful embedding without extra
generalization the branch evolution stops and an arc from the new configuration
to the old one labeled with unifying substitution is drawn.

If a generalization is needed, the strategy decides whether to generalize and
loop now or to continue driving. In the former case (generalization) the arc
is drawn from the old configuration to the generalized one with the needed
substitutions and all the subtree growing from it is rebuilt anew. If you are lucky,
another new configuration would embed into the generalized old one, otherwise
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we repeat the search. (The case of embedding into a part of an old configuration
is not considered, as it is useless here. Just mention that a pruning is done and
the sub-graph is built that forms a subroutine).

Choosing a strategy implies a compromise between the desire to have residual
program smaller, and the desire to perform more work statically. For example, if
you allow to make any possible generalization, the process will complete quickly
with a small residual graph, but most of actions will remain in it. This is a
conservative strategy. Yet if you hold from looping, more actions will be su-
percompiled out, but the process of supercompilation can go to infinity. Such
strategy is called aggressive.

Often some rather aggressive strategy is used, and above it a so-called whistle
is introduced, which occasionally generates a signal forcing a loop.

When and if the process is completed, the final graph is converted to a
residual program. Wherein:

1. All elements except variables are erased in graph node configurations. The
variables represent local data available at the current program point.

2. Substitution on the arc converts to assignment statements.

3. Branching converts to conditional statement.

The described process is usually carried out automatically by the supercom-
piler, as a program that directs the computation process and an initial configura-
tion are given. In our case, the ”program” is the general scheme of the recursive
doubling method for computing a fixed point, the ”initial configuration” is the
task specification in the form of equation, and the process of ”supercompilation”
is carried out manually, imitating the work of the supercompiler.

For generalizations and looping the neighborhood strategy will be used. If
a few driving steps were made from a configuration, then a neighborhood of
this configuration is a set of configurations that includes this one together with
all those from which the same steps would be made. The neighborhood (more
precisely, its approximation from below) may be obtained by replacing unused
parts of initial configuration with metavariables. Then, reducing metavariables to
normal configuration variables, we obtain a generalization of the configuration,
using which we keep all action performed earlier. A loop is made only when a
new configuration (or rather its corresponding generalization) is embedded into
a neighborhood of one of the previous configurations. This strategy does not
guarantee the termination, but in our cases it is sufficient.

In essence, there are two major components in the supercompilation. The
first is a formal inference rule, equivalent to the mathematical induction, which is
provided by the mechanism of looping on condition of configurations embedding.
The other component is a strategy, in our case the neighborhood one, which
is nothing more than a heuristic for detecting inductive hypotheses. Together,
these two components provide a fully algorithmic ”intelligence” for algorithm
transformations.

The idea of neighborhood strategy for supercompilation was proposed by
V. Turchin [9/10]. The formalization of the concept of neighborhood and neigh-
borhood analysis in the broader context was carried out by S. Abramov [1].
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3 General Scheme of Algorithm Derivation

As an initial "language specification” we shall use the language of recursive
equations. If the input is denoted by X and the output (including, possibly,
interim results) by Y the specification takes the form

Y = R(X,Y) (1)

where R is an expression with variables X and Y. For a given X, equation
can be rewritten as:
Y =Rx(Y) (2)
Let us assume that the domains of X and Y have complete partial order
structure and that all functions used in R are monotonic. Then the solution of
equations of the form can be written as the limit

Y = lim (Rx)" (1) (3)

where the degree is the n-fold superposition of the function. In practice, one
may take the value of (Rx)™ for some finite n, starting from which the sequence
is constant. It will be the case if, e.g., expression (Rx)™ does not contain the
argument variable Y.

For our purposes it will be enough to take the domain of vectors of length N
with elements of a type T extended with value L, such that a = 1 foralla € T.
The element | means undefined and relation > means more (or equally) exact.
All operations ¢ over type T' are extended by the rule ¢(...,L,...) = L and

on the vectors are defined element-wise. The vector L = [L,..., 1]. In addition,
we’ll need the shift operator for vectors. Consider vector X = [z1,xa,...,2ZN].
Then for k£ > 0 by definition we have

shift( &, X)=1[0,...,0,21,..., 2Nk, (k zeros from left)

shift(—=k, X) = [zr41,...,2N,0,...,0], (k zeros from right)

As an example, consider a simple problem: calculation of the vector B of the
partial sums of vector A. It can be defined by the following equation:

B = Ra(B) = shift(1, B) + A (4)

Indeed, it is easy to see that
(RA)¥(L) = [a1,a1 +ag,...,a1 +az+ - +ap, L,..., 1] (5)

and therefore for k£ > N the formula (5] yields the desired result.

It is clear that to calculate (R4)" (L) immediately by N-fold applicaton of
R 4 is very expensive. Therefore, we first calculate the N-th degree of R4 using
the doubling method:

F1=Ras
3:’2:3:109‘1
?4:3:209:2
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The process @ may stop if an expression Fa» does not contain symbol Y (or
it becomes clear that the limit is achieved). Then the desired result is Fan (L).
This explains the type name of produced algorithms: recursive doubling.

If we perform the superposition operation o formally, then no effect will take
place, because the calculation of Fyn (L) will still have to make 2™ calls to initial
function R 4. However, making formula manipulation each step is also expensive.
Thus, it is a good idea to supercompile the process (@ with unknown input A,
such that only calculations dependent of A remain for dynamic execution.

As the supercompilation would only make sense for a particular problem R 4,
we give here only general comments on the scheme, and the full description of
the supercompilation process will be set forth by specific examples in Section

The initial configuration is the equation of the form ¥ = Rx(Y"), in which
X is a configuration variable indicating the input and Y is just a formal symbol.
Performing the step is to move to the configuration ¥ = Rx (Rx(Y)), in which
various simplifications are produced. Herein are used the usual properties of
arithmetic operations and the following properties of the shift operator:

shift(k, A © B) = shift(k, A) © shift(k, B) (7)
shift(k, shift(k, A)) = shift(k + k, A) (8)
shift(k, (shift(k, A)) = shift(k, 1) - A, where 1 = [1,1,...,1] 9)
shift(k,X) =0,if k > N (10)

where © is any operation on elements (such that 0 ® 0 = 0).

To provide the termination property of residual program the supercompiler
must recognize formula that does not depend on Y. To this end, based on the
property , we will act according to the following rule: when the formula has
a sub-expression of the form shift(k, X'), we introduce the splitting predicate
k > N and on the positive branch replace this sub-expression with 0. This
will lead to possible exclusion of the argument Y from configurations on some
branches, which then can become terminal.

The supercompilation will be effective if we find a common form for the steps.
For doubling, it will be possible if we succeed to represent the configuration after
the step in the same form as before the step, in which case the loop is possible. In
case of success, the final residual graph is converted to the code in a programming
language. The code will hold element-wise vector operations, which are easily
parallelizable.

4 Examples

4.1 Linear Recurrence

This is a generalization of example . Given are two vectors A and B of length
N. We are to solve the following equation

Y = Axshift(1,Y) + B (11)
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In a more familiar mathematical language, this is equivalent to the calculation
of the sequence {y;} defined by the following recurrence:

=0
v | (12)
Yi=a;xyi—1+bi, i>0
Let us supercompile the computation process for solving equation by
doubling method. The initial configuration CO is the original equation:

C0: Y = Axshift(1,Y) + B

The doubling step is to substitute for the variable Y in the right-hand side
with the right hand side itself and simplify:

Y = A xshift(1, A x shift(1,Y) + B) + B

CI:
= [A x shift(1, A)] * shift(1 + 1,Y) + [A * shift(1, B) + B]

It is easy to notice the similarity of this configuration with the original one.
But how can the machine ”"notice” this? Formally, it is necessary to represent
both configurations as special cases (by substitutions) of a common configura-
tion. But which generalizations should be considered valid? An answer may be
given by neighborhood analysis. We carry out a step from configuration C0 to
configuration C1, watching for what information from CO representation we use.
To this end, we cover the description of the configuration CO with a translucent
strip, and whenever a symbol is explicitly used in the process, we make it out of
the strip. On step completion only the symbols A, B and 1 remain intact:

U0: Y =[A xshift(1,Y)+|B

This means that no matter what could be in their place, the step would be
carried out in the same way. Note that these parts can go without changes into
new configurations after the step:

Ul: Y =[A4 xshift(1, A)] *shift(1 +1,Y)+[A *shift(1, B)+ B|

The result of the driving step with neighborhood is shown in Fig. 1 (left).
There appeared a split due to property and new configurations on the arc
ends. Intact parts of the original configuration are shaded.

Now we can replace all the unused parts with metavariables. Let it be A, B
and K. Considering all sorts of substitutions for them, we get a variety of con-
figurations for which the driving step is identical to step from this configuration.
In terms of metavariables it is a step from metaconfiguration

MO: Y = A*shift(,Y) + B
to metaconfiguration

M1: Y = [A shift(K, A)] * shift(IC + I, Y") 4 [A * shift(KC, B) + B]
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Thus, as a result of the neighborhood analysis a generalized configuration M0
has been built, which will be considered as a maximum permissible generalization
of the initial configuration CO, to which the looping is feasible.

Recall that the rule for MO yields the predicate k > N with the branch to
the final metaconfiguration Y = B. Metaconfiguration M1 on the other branch
should be driven further as it contains Y. But first we must check whether it
falls into the processed one (MO0). We see that it does, and therefore we may not
proceed doing the next step but make a loop into the generalized old configu-
ration MO. To this end, in the neighborhood MO0 we replace metavariables with
usual configuration variables such that both old and new configurations CO and
C1 can be obtained from it by substitutions. Those substitutions become labels
on the arcs into the new generalized configuration. The result is shown in the
right part of Fig.

Y = A*shift (1,Y) + B Y = A*shift (1,Y) + B

ke—1

Y = A*shift (k,Y) + B
k=N kektk .
) . A— A*shift(k,A)
CIA*Shlft(l,A)*Shlft(l+l,Y)+ ] B« A*shift(k,B)+B

+A*(shift(1,A)+B) F

Y=A*shift(k,A)*shift(k+k,Y)+
+A*shift(k,A)+B

Fig. 1. Construction of the graph configurations in the Linear Recurrence. To the
left is the first doubling step with its neighborhood. Untouched parts of the initial
configuration are shaded. In their place, new variables are introduced (if they did not
exist yet). To the right is the final graph after generalization and looping.

Now we convert the resulting graph into the program in a programming lan-
guage: erase configurations (except the final) and replace the substitutions with
assignment operators (changing their order and introducing interim variables if
necessary). The result is shown in Fig. [2| It is a simple cyclic program built
of parallel vector operations. It is easy to see that the loop performs Log (N)
iterations, each taking an O(1) parallel time.

Interestingly, if the size of the vector N were a given constant, say 1000, the
first driving step would lead to the lack of a lateral branch, as predicate 1 > 1000
yields known false. So, the value of 1 would have been used, and therefore there
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k:=1;

while k<N do
B:=Ax*shift(k,B)+B;
A:=Axshift(k,A);
k:=k+k;

Fig. 2. The generated code for the Linear Recurrence

would be no embedding. The neighborhood strategy in this case would lead to
a complete loop unfolding (here 10 rounds).

4.2 Binary Addition

Consider the task of adding two binary integers A and B. The desired result is a
scheme with fast carry, which works for the Log(n) clock cycles, where n is the
bit size of summands.

We begin with the following system of recurrent equations defining the vec-

tors carry C and sum S:
C=AANBV(AV B)A shift(1,C) (13)
S =A® B @ shift(1,C)

where A, V, @ are bitwise conjunction, disjunction and addition modulo 2 re-
spectively (A has the highest priority).

Let us solve the equation for C' by doubling. The initial configuration is
Co: C=ANBV(AV B) Ashift(1,C)

We do not show the step result (configuration C1) as it is bulky and not
interesting. For configuration CO we get the following neighborhood:

Uo: C =[ANB| v (AVB) Ashift(1,C)

Replace unused parts (selected by gray background) with metavariables, let
it be G, P and K. Metaconfiguration

MO: C =GV 2PAshift(K,C)
goes by the driving step into metaconfiguration
C =3V PAshift(KC,G Vv P Ashift(K,C)) =
=GV P Ashift(K,9) v P Ashift(KC, P) Ashift(K + K, C)
One can see that metaconfiguration M1 embeds into the initial one MO.
Making the needed actions for generalization and looping (structurally they are

similar to the previous example, just operations are different), we get the graph
shown in Fig.

M1:
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(C=AnB v (AVB)Ashift (1,C) )

k1
G—AAB k:=1:
P — AVB T
G:=AAB;
P:=AVB;
while k<N do
G:=G V P A shift(k,G);
P:=P A shift(k,P);

P P A shift (k,P) ki=k+k;
C=G end;

C:=G;
C= G VP Ashift (k,C) v
P A shift (k,P) A shift (k+k,C)

C =GV P Ashift (k.C)

S:= A @ B @ shift(1,0);

Fig. 3. To the left is the finished configuration graph for Binary Addition problem. To
the right is the corresponding program ”with fast carry”.

4.3 Solving tridiagonal linear equations
We write the tridiagonal system of equations as
X = A-shift(1, X) + B - shift(—1, X) + C (14)

where A, B, C are input vectors and X is the vector of unknowns.
A distinctive feature of this problem is that the doubling step transforms not
only the right hand side, but the entire equation. The initial configuration is:

Co: X = A -shift(1,X) + B - shift(—1, X) + C
We perform the step and simplify the result with the use of the property @[):
X = A -shift(1, A - shift(1, X) + B - shift(-1, X) + C)+
B - shift(—1, A - shift(1, X) + B - shift(-1,X) + C) + C
=A - shift(1, A) - shift(1 + 1, X)+
B - shift(—1, B) - shift(—(1+ 1), X)+
A - shift(1,C) + B - shift(-1,C) + C+
A -shift(1, B) - X 4+ B - shift(—1, 4) - X

C1:

By grouping linear on X terms to the left and dividing both parts by the
coefficient of X, we reduce the configuration C1 to the following form:
X =(A - shift(1, A))/D - shift(1 + 1, X)+
C1": (B -shift(—1,B))/D - shift(— (1 + 1), X)+
(A -shift(1,C) + B - shift(—-1,C) 4+ C)/D,
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where D =1 — A - shift(1, B) — B - shift(—1, A). Consider the neighborhood U0
of initial configuration, where all intact parts are shaded:

U0: X =1A -shift((1,X) + B -shift(—1,X)+ C

Note that the two occurrences of the number 1 were touched only by comparing
them with each other (through the use of property @D)7 so, in the neighborhood
expression MO, they should be represented with the same metavariable /.

MO: X = A-shift(K, X) + B - shift(—K, X) + C

After the step, at both corresponding locations in metaconfiguration M1 occurs
the same sub-expression (X + K), which allows to embed.

X =(A - shift(K,A))/D - shift(+££, X)+
Mi: (B - shift(—/C, B))/D - shift(— (K + K), X))+
(A - shift(KC, €) + B - shift(—K,C) + C)/D,
where D = 1— A -shift(KC, B) — B - shift(—K, A) Thus, the metaconfiguration M1
completely embeds into the neighborhood metaconfiguration M0, which results

in a final graph on Fig. [@] After erasing all the excess, we obtain the residual
program shown in Fig. [f]

(X = A-shift(1,X) + B-shift(-1,X) + C )

ke—1

(x = A-shift(k,X) + B-shift(-k,X) + c)

ke—k+k
A« (A - shift(k,A))/D
B« (B - shift(-k,B))/D
C— (A-shift(k,C) +
B - shift(-k,C) + C)/D
where D =1 - A -shift(k,B) -
B - shift(-k,A)

X = (A - shift(k,A))/D - shift(k+k,X) +

(B -shift(-k,B))/D - shift(-(k+k),X) +

(A - shift(k,C) + B - shift(-k,C) + C)/D,
where D = 1 - A - shift(k,B) + B - shift(-k,A)

Fig. 4. Configuration graph for solving tridiagonal system of equations
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k:=1;

while k<N do
D:=1A*shift (k,B)B*shift(k,A);
C:=(A*shift(k,C)+B*shift (k,B)+C)/D;
A:=(A*shift(k,A))/D;
B:=(B*shift(k,B))/D;
k:=k+k;

end;

X:=C;

Fig. 5. The generated code for solving tridiagonal system of equations

5 Related Work

As was mentioned in the Introduction, all algorithms derived here are well known
and described in textbooks [2,|11]. And though the rationale for the algorithm
for the Linear Recurrence problem in [2] is meaningfully the same as ours, it is
described there in the style of common reasoning, and the Fortran code (which
is exactly the same as in Fig. [2]) is given just as a hand-written implementation.
On the contrary, in our paper we demonstrate the possibility of mechanical
derivation using a supercompilation mechanism. To the best of our knowledge,
no existing compiler is able to generate parallel code based on recursive doubling,
unless an associative operation for functions Scan or Reduce is given explicitly.

An interesting and rather complicated case of algorithm based on doubling
is considered by B. Steinberg [7]. He explores the possibility of calculating by
doubling method the recursion of the form:

}/i = Zf Pi(Y;_l) then Ai else Fi(Y;_l),

where A is a given numerical vector, and P, F' are functions, that depend on
index i as well as on the main argument. The author presents conditions on
functions P, F' and vector A, in which it is possible, and the respective theo-
rem is proved. All is presented in the style of traditional mathematics, relying
on the author’s ingenuity. We hope that, by means of a supercompiler with a
well-developed system of formula transformations, a similar result including the
necessary restrictions on input functions can be obtained automatically.

6 Conclusion

The algorithms derived here are well known and described in the textbooks
[2l/11], but their explanation and/or derivation is typically based on conjectures,
intuition and special considerations. Here we suggest a general method to sys-
tematically derive them from simple definitions presented in the form of recursive
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equations like Y = F(Y). Then, a general recursive doubling method for calcu-
lating the fixed point is applied. This process is subject to execution under the
control of a supercompiler. As a result, an efficient parallel code is generated in a
language with parallel vector operations. Its execution takes O(log(NN)) parallel
time, where N is the size of the problem. We do not give a detailed analysis of
their performance, as there are a lot publications about that. The purpose of the
paper is to present the very method of obtaining algorithms. The method was
announced by the author in 1988 [4]. Now, this paper reveals the details.

In the paper the supercompilation process is carried out manually, but fol-
lowing certain rules. The paper shows the techniques needed in a compiler for
automated parallelization of a kind of loops. Of particular importance is the
tool for formula transformations, which should allow to convert a formula to a
certain pattern that is itself created in the same process.
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